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SECOND-VARIATIONAL CALCULUS OF VARIATIONS METHOD 

Bobby R. Uzzell  and Scot t  S. McKay 

1. INTRODUCTION 

This paper presents  the mathematical methods used i n  t h e  develop- 
ment of the  second-variat ional  calculus or’ v a r i a t i o n s  opt imizat ion pro- 
grams. A n  ou t l ine  of t h e  der iva t ion  of these  methods f o r  a constant  
t h r u s t ,  s ing le  s tage  problem is  presented i n  re ference  2. 
work presented i n  this  paper was performed, t h e  method had been appl ied  
only t o  a s ing le  s tage ,  two-dimensional, constant  t h r u s t  program. !his 
paper presents  a f a i r l y  d e t a i l e d  discussion of t he  methods and demon- 
strates the  formulation of the  necessary equat ions f o r  t h e  so lu t ion  of 
a three-dimensional i n s e r t i o n  i n t o  a c i r c u l a r  o r b i t  f o r  a rocket  engine 
w i t h  va r i ab le  thrust  capab i l i t y .  No r e s u l t s  and no program discussions 
a r e  presented. 

Before the  

It must be emphasized that the work presented i n  t h i s  paper would 
not have been poss ib le ,  o r  a t  best would have requi red  a considerably 
longer  time f o r  development without t he  a s s i s t ance  of Dr. H. J. Kelley 
of Analy t ica l  Mechanics Associates, Inc.  



, C’msidcr n p a r t i c l e  whose movement i n  space can be expressed by a 
system of f i r s t - o r d e r  d i f f e r e n t i a l  equat ions 

whc re 

dx 

j d t  
k -  -2 

T i m ,  t ,  represents  t h e  independent va r i ab le  and t h e  func t ions  

and y (t) are  dependent va r i ab le s .  The equat ions (1) are r e f e r r e d  t o  

a s  t he  state equat ions i n  t h a t  t h e y  determine t h e  va lues  o f  t h e  s t a t e  

va r i ab le s  x . i 
t h a t  must be m e t  by  t h e  s ta te  va r i ab le s  as t h e  p a r t i c l e  moves i n  space. 

x i ( t )  

k , 

The system (1) e s s e n t i a l l y  r ep resen t s  a set  of c o n s t r a i n t s  

I The set  yk i s  termed as t h e  con t ro l  va r i ab le  vec to r  y(t) s ince  va lues  

can be prescr ibed as func t ions  of time t o  c o n t r o l  the behavior of the  
system. For meaningful problems it is  requi red  that the  system, de- 

t o  a prescribed te rmina l  t i m e  and state. The i n i t i a l  and f i n a l  states 
w i l l  be i n  general  only p a r t i a l l y  prescr ibed.  I n  genera l ,  it i s  requi red  
t h a t  t h e  so lu t ion  of state equat ions (l), wi th  some con t ro l  
i s f y  end conditions 

l scr ibed  by cquations (l), move from a prescr ibed  i n i t i a l  s tate and t i m e  

y ( t ) ,  sat- 

L 2 

The problem would be overdetermined i f  
a y ( t )  
a manner as t o  provide a minimum value or’ a scalar func t ion  

r 2 2n -t 2. It i s  des i r ed  t h a t  
i s  found such t h a t  t h e  system def ined  above w i l l  behave i n  such 

The problem posed thus  far - namely, t h a t  of f i nd ing  a y ( t )  which 
minimizes a func t ion  of the  t e rmina l  va lues  of t h e  state v a r i a b l e s  of a 
system described by d i f f e r e n t i a l  equat ions  sub jec t  t o  prescr ibed  end 
c o n d i t i m s  - i s  known as t h e  genera l  problem o f  Mayer wi th  mixed end 
condi t ions.  
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Since 
admissible 
L e t  Uk be 

the  cont ro l  can be prescribed it is necessary t o  def ine  t h e  
space of cont ro l  var iab les .  The domain of d e f i n i t i o n  i s  t .  
the  range of the  control  va r i ab le s  yk. U denotes t h e  

range of y ( t ) .  Given a poin t ,  

Y = (Yl, Y2' * * * ,  Ym) 

which i s  an element of U, i s  equivalent t o  giving a numerical system 
of parameters y 1' Y2' ' ., ym. I n  app l i ca t ions  some yk may be de- 

f ined  on a closed s e t .  For the  discussion i n  t h i s  paper t h e  con t ro l  
va r i ab le s  w i l l  be piecewise continuous, t h a t  is, con t ro l  i s  
continuous for a l l  t under considerat ion,  with the  except ion ot1 only 
a f i n i t e  number of t, at  which y ( t )  may have d i s c o n t i n u i t i e s  of t h e  
f i r s t  kind. For d i s c o n t i n u i t i e s  of the  f i rs t  kind the  following l i m i t s  
e x i s t  a t  a poin t  of d i scon t inu i ty  a t  t = 5 :  

y = y ( t )  

t - E  t - E  

where 

may not be equal  t o  

The value of a piecewise continuous cont ro l  y ( t )  i s  assumed t o  
have the  following values a t  t h e  point  of d i scont inui ty :  

The vec tor  y ( t )  i s  assumed t o  be continuous a t  the  two extreme end- 
poin ts .  F r o m  t h i s  d e f i n i t i o n  i t  follows t h a t  every y ( t )  i s  bounded 
even i f  U i s  not.  

Thus, any piecewise continuous func t ion  y ( t ) ,  to s t s tf, whose 

range i s  i n  U, whose values  a r e  assigned t h e  lef t -hand value a t  a 
poin t  of d iscont inui ty ,  and which is  continuous a t  t h e  endpoints of the  
i n t e r v a l  t s t s tf on which it i s  given, i s  an admissible control .  

0 



From the  d e f i n i t i o n  of an admissible con t ro l  it fol lows t h a t  t h e  
state va r i ab le s  are continuous,  but  the time d e r i v a t i v e  of t h e  state 
va r i ab le s  may be discontinuous when y ( t  ) i s  discontinuous.  

3. ElJlXR AND TRANSVFRSALITY CONDITIONS FOR AN EXTREMUM 

The following ciiscussion of t he  necessary condi t ions f o r  a minimum 
i s  not intended t o  be r igorous bu t  i s  meant only t o  supply a genera l  
approach t o  the development of these  condi t ions.  Present ing  a r igorous  
d iscuss ion  would involve a formidable amount of work. This d iscuss ion  
i s  based on general  knowledge l i k e  knowing t h a t  t h e  f i rs t  de r iva t ive  of 
a n  a lgeb ra i c  func t ion  must be zero a t  t h e  po in t  t h e  func t ion  has a r e l -  
a t i v e  minimum. 

Consider t h e  Mayer problem as def ined i n  t h e  previous sec t ion ,  only 
r e s t r i c t  t h e  problem f u r t h e r  by f i x i n g  a l l  t h e  i n i t i a l  condi t ions  in -  
cluding time. Also assume that a se t  ylc has  been determined that 

minimize s P(xlf, * * . , Xnf, tf) where xif = xi (tf) . 
i t i a l  values  of the s ta te  variables are f ixed ,  P i s  a func t ion  of only 
t h e  f i n a l  values.  Since the se t  (1) a c t u a l l y  r ep resen t s  cons t r a in t s ,  
t h e  mul t ip l i e r  r u l e  can be employed so  t h a t  P 
d i f f e r e n t i a l  c o n s t r a i n t s  t o  ob ta in  

Since t h e  in-  

can be adjoined wi th  

where 

func t ions  of time. 
A i  r epresents  a system of Lzgrange m u l t i p l i e r s  which vary as 

If a n  expansion i s  made about ( k ) ,  

J = J o + J 1 + - J  1 + .  . . 
2 2  

where Jo corresponds t o  the  nominal path,  J1 t h e  f i rs t  order  e f f e c t  

of con t ro l  va r i a t ions  and i n i t i a l  v a r i a t i o n s  i n  s ta te ,  and 

second order e f f e c t s .  Since Jo was defined t o  be a minimum, J1 must 

be equal  t o  zero  and it i s  des i r ed  t o  determine what p rope r t i e s  must be 

sat isf ied f o r  J1 t o  be zero.  

J2 the  
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Considering only the f i r s t  order e f f e c t  of v a r i a t i o n s ,  
.I. 

n 
+ h i p i f  + gif)6tf  

i = l  

( 5 )  

The last term i n  the  expression is due t o  being f r e e  and subjec t  t o  

v a r i a t i o n  6 t  The terms 6P and 6gi are given by the  following two 

expressions,  r e spec t ive ly  

tf 
f '  

n &P 
ap S t  + c &- (EXif + kif 6 t f )  s p = a t ,  f i = 1  I f  

For shorthand nota t ion  l e t  

nxif = GXif + kif 6 t f  

The Hamiltonian, H, i s  def ined as 

n 

i = 1  
H = C A i  gi 

J1 can now be w r i t t e n  i n  t h e  following form: 

n 
+ H 6 t f  - C lif kif 6 t f  

i = 1  f 



R L > w r i t e  t he  in tegra l  i n  (6 )  i n  the  fol lowing f v m :  

12 tt i ng 

ui = h i  

8 nd 

and in tegra t ing  the  f i r s t  i n t e g r a l  by p a r t s ,  t h e  expression i s  changed t o  

n tf tf n 

i = l  i = l  
- C h i  6xi ] + J  xi &xi dt 

t o  to 

Subs t i t u t ing  t h e  above expression i n t o  ( 6 ) ,  

n 

i = l  
c Aif 6Xif 

n 
+ Hf 6tf  - C hif kif 6 t f  

i = l  



P 
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Rearranging terms i n  the  above expressions,  t he  following r e s u l t  i s  
obtained: 

For J1 
equal  t o  zero  

t o  be equal  t o  zero the following fou r  expressions must be 

($ + e) 6tf 

(8 1 i = l , .  . . , n  

i = 1 , .  . . , n  

k = l , .  . . , m  
n 

i = 1  

( 9 )  

From equat ion ( 7 ) ,  if f inal  time i s  not f ixed  - t h a t  is ,  €itf = 0 - 
the t r a n s v e r s a l i t y  condition, or  n a t u r a l  boundary condition, f o r  open 
final t i m e  i s  determined and i s  equal  t o  

From equat ion (8), if t h e  f i n a l  xi i s  not f ixed  then the condi t ion  

aP axi, - h i f  = O 
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must be satis t'ied. This condi t ion i s  the  t r a n s v e r s a l i t y  condi t ion  for 
t'rcc x and i s  p a r t i c u l a r l y  important s ince  it a s s i g n s  a value t o  

i f  
j i  t" 

Since 

(.qiiations (9) can be w r i t t e n  as 

This r e s u l t  y i e l d s  t h e  condi t ions t h a t  

i = l , .  . . , n  aH 
'i + a x . 9  

1 

must be equal t o  zero. 

Since 

condi t ion  (10) can be wr i t ten  as 

Conditions (13) and (14)  are known as t h e  Euler condi t ions  and must 
be s a t i s f i e d  at every poin t  of t h e  t r a j e c t o r y .  
(13), and (14) represent  necessary condi t ions  t h a t  must be s a t i s f i e d  
for an  extremum or' P. 

Conditions (ll), (12), 

4. WEIERSTRASS 

The cont ro l  va r i ab le s  

Weierstrass condi t ion  

NECESSARY CONDTTTON FOR A MI- 

along a n  opt imal  t r a j e c t o r y  s a t i s f y  the  'k 
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where the yk+ are a r b i t r a r y .  This statement simply means t h a t  t h e  

vec tor  y minimizes H. The set yk i s  o f t e n  determined from the 

opera t ion  

Min. H. 
Y(t 1 

If i n e q u a l i t y  c o n s t r a i n t s  on t h e  y of t he  form ykl s- yk 5 yk2 are 
k 

requi red ,  t he  minimum operation i s  performed sub jec t  t o  the  c o n s t r a i n t s .  
This r e s t r i c t e d  condi t ion  is  knam as the  Pontryagin p r inc ip l e .  
rocke t  a p p l i c a t i o n s  i f  t h r u s t ,  T, i s  a va r i ab le ,  it is  considered as a 
con t ro l  variable and i s  p e r m i t t e d  t o  vary  between the  l i m i t s  

I n  

Since t h r u s t  w i l l  appear l i n e a r l y  i n  t h e  system (l), H 
i n  t h e  following form: 

can be w r i t t e n  

H = T f + a  

According t o  t h e  Pontryagin p r i n c i p l e ,  when f i s  negative t h r u s t  
should be s e t  t o  T2 and when f i s  p o s i t i v e  t h r u s t  should be set 

t o  T1. When f i s  equal  t o  zero, o r  3 = 0, t h e  t h r u s t  l e v e l  is 
changed. The func t ion  f i s  defined as the  switching function. Since 

aH i s  equal  t o  zero  a t  a switching poin t ,  H w i l l  remain constant and 

continuous. 

aH 

E 

A d i f f i c u l t y  occurs i f  f is zero  over a set of measure g r e a t e r  
t han  zero s ince  any t h r u s t  l e v e l  would minimize H. This occurence 
i s  not expected f o r  the present  problems being s tudied.  

5 .  EXPRESSION FOR CHANCES IN FINAL STATE VAWES 
AND D E Z ' I ~ T I O N  OF THE PENAIII?E FUNCTION 

a. As discussed i n  Statement of Mayer Problem, t h e  system of d i f -  
f e r e n t i a l  equat ions  t o  be s a t i s f i e d  along t h e  f l i g h t  path i s  given i n  
f i r s t - o r d e r  form by system (1). It i s  now assumed that a s o l u t i o n  of 
set  (1) is a v a i l a b l e  and that t h i s  s o l u t i o n  satisfies t h e  s p e c i f i e d  
i n i t i a l  conditions.  It is a l s o  assumed i n  t h i s  d i scuss ion  that 



= 0, for a l l  i ;  t h a t  is ,  t h a t  a l l  i n i t i a l  condi t ions a r e  spec- 
6x i ( 0) - 
it’ied. kt t h i s  so lu t ion  be denoted by xi = z i ( t ) ,  yk = 7k(t)  and 

examine the  behavior i n  the  neighborhood ot’ t h i s  so lu t ion  by s e t t i n g  
- x = x + F X i ,  i = 1 , .  . . , n  

i i 

and l i nea r i z ing  : 

k = l , .  . . , m  

i = 1 , .  . . , n  
6x + k = l  ‘ j = 1  J 

6 ”k’ 
I 

6ki = c ax. j 

The par t ia l  d e r i v i a t i v e s  of gi a r e  evaluated along the  re ference  

t r a j e c t o r y  and are known funct ions  of t ime. The func t ions  6xi and 

Fyk a r e  the  v a r i a t i o n s  of x and y k , respec t ive ly .  i 

b. By de f in i t i on ,  t he  following s e t  of f i r s t - o r d e r  d i f f e r e n t i a l  
equat ions i s  obtained from the  homogeneous system of (15) by t ranspos ing  
the matr ix  of c o e f f i c i e n t s  and changing the  s ign  

This system is the  a d j o i n t  system t o  (13). 
sys tems 

The s o l u t i o n  of the  two 

j =1,. . ., n X j ’  

a r e  r e l a t e d  by 
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This r e s u l t  may be v e r i f i e d  by evaluating t h e  d e r i v a t i v e s  t o  ob ta in  

Subs t i t u t ing  (15) and (16) i n t o  t h i s  expression 

n n n 
c - d 

d t  = 5 6xj - - - 
j = 1  

n n 
+ e  

j = l p = l  P 

n m ag 
+ e  j = l k = l  'j $ "k 

I n t e g r a t i n g  (18) between d e f i n i t e  limits to and tf, 

n n 

m ag =if j = l k = 1  C j 9 yk 6yk d t  

where 

n n 43 n n ag 
j = l p = l  j j = l p = l  P 

c c hp s;;E 8 X j  = c 

Consider t h e  s p e c i a l  so lu t ion  corresponding t o  

j = i  

j = i  
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tf m n 
6Xi (tf) = j -  c h j  i = l , .  . .,m 

k = l j = l  
I 

(i)(t) .  me value ( i ) ( t )  can be obtained 
‘j 

and a s s i g n  the symbols 

by in tegra t ing  (1) and (16) backward i n  t i m e  from tf .  
resu l t  f o r  al l  

and from (19 )  

Obtaining t h i s  

n expressions are obtained. f o r  t h e  Gxi(tf) val.ues 9, 

a 

~ 

The problem posed t h i s  far - t h a t  is ,  minimizing P as given by 
equat ion ( 3 )  subjec t  t o  r 
can be approached i n  another  manner. 
t h e  problem or’ minimizing 

c o n s t r a i n t s  as g iven  by equat ion (2)  - 
Replace t h e  previous problem with 

1 

( i )  
n 

6Xi (tf) = j = 1  c h j  (to) “j (to) 

c h j l l )  2 BYk a t ,  i = 1 , .  . . , n  +J k = l j = l  

i s  def ined t o  be equal t o  zero,  t h e  fol lowing expression 
j (to> 

Since 6x 
i s  obtained f o r  t he  change i n  6xi (tf) from the nominal as a r e s u l t  

of changes i n  the con t ro l  va r i ab le s :  

l L  2 P ’ = P + -  C k j $ j  
2 j = l  

The k are pos i t i ve  real numbers and are weight ing f a c t o r s  on the 

squares  of the e r r o r s  between t h e  . This func t ion  i s  def ined  as t h e  

penalty func t ion  i n  t h a t  t h e  cons t r a in t s  
t h e  last  member of (21) i s  la rge .  

J 

w i l l  pena l ize  P‘ when $3 



6. SECOND VARIATION DEVELOPMENT 

For t h i s  d i scuss ion  l e t  a l l  i n i t i a l  va lues  of t h e  state v a r i a b l e s  
and t i m e  be specif ied.  The terminal t i m e  w i l l  be considered as free 
and l e t  t h e  te rmina l  s t a t e  values be subjec t  t o  r c o n s t r a i n t s  

j = 1 , .  . ., r 
L 

Using t h e  pena l ty  func t ions ,  as defined i n  t h e  preceding sec t ion ,  t h e  
end conditions a t  f i n a l  time a r e  considered f r e e  and t h e  func t ion  t o  be 
minimized i s  

where P i s  defined by equation 3 .  

Consider a t r a j e c t o r y  i n  space whose i n i t i a l  condi t ions  satisfy 
t h e  requi red  values,  and whose s t a t e  variables are determined as func- 
t i o n s  of time by t h e  set (1). The vec to r  y ( t )  i s  not optimal and i s  
chosen as a set which w i l l  d i r e c t  t h e  t r a j e c t o r y  i n  t h e  des i r ed  d i r e c -  
t i o n .  The t r a j e c t o r y  i s  terminated a t  a r e l a t i v e  minimum or' P'; t h a t  
i s ,  when 

- 
t h e  s i g n  of (g) i s  negative, and t h e  s i g n  of (qr i s  p o s i t i v e  

The b a s i s  of choice of t h i s  $erminal condi t ion  i s  twofold. 
it i s  des i r ed  t o  minimize P , the  t r a j e c t o r y  w i l l  be terminated a t  a 
minimum of t h i s  funct ion.  The second reason w i l l  become apparent  from 
t h e  following d iscuss ion .  The t o t a l  d e r i v a t i v e  o f  P' with  r e spec t  t o  
t i m e  is  given by t h e  folluwing expression: 

F i r s t ,  s ince 
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From .the t r a n s v e r s a l i t y  condi t ion  (12), 

Subs t i t u t ing  t h i s  condi t ion  i n t o  the  above equat ion,  

Since i n  rocket app l i ca t ions  

it i s  seen from equat ion (11) t h a t  t h i s  condi t ion  a l s o  satisfies the  
t r a n s v e r s a l i t y  condi t ion  f o r  f i n a l  t i m e .  

It i s  c l ea r  t h a t  t h i s  t r a j e c t o r y  not only does not  meet t h e  re- 
quired f i n a l  condi t ions,  bu t  i s  not optimal s ince  not a l l  of t he  con- 
d i t i o n s  f o r  a minimum are s a t i s f i e d .  I n  f a c t ,  the t r a j e c t o r y  sat isf ies  
only system (1) and condi t ion (11). 
t r a j e c t o r y  and ca l cu la t e  
neighborhood of t he  reference t r a j e c t o r y  f o r  which a reduct ion  i n  
i s  r ea l i zed .  

It i s  des i r ed  t o  use t h i s  re ference  
6 y ( t )  t o  obta in  a new t r a j e c t o r y  i n  t h e  

PI 

If a n  expansion i s  mad: of PI a long t h e  re ference  t r a j e c t o r y ,  a n  
estimate of the value of P f o r  t h e  new t r a j e c t o r y  can be obtained 
and i s  equal t o  

I l l  + - p  + .  . . I I 

P = P o + P 1  2 2  

I Here, Po 
PI  

of f i r s t -o rde r  terms i n  the v a r i a t i o n  of t h e  state and c o n t r o l  variables, 

and P2 is  t h e  c o l l e c t i o n  of second-order terms i n  the v a r i a t i o n s  of t h e  

s ta te  and cont ro l  variables. 

t h i s  discuss ion. 

is  equal  t o  t h e  pena l ty  func t ion  f o r  t h e  re ference  t r a j e c t o r y ,  
I i s  the penal ty  func t ion  f o r  the new t r a j e c t o r y ,  P1 i s  the c o l l e c t i o n  

I 

Higher o rde r  terms w i l l  be neglec ted  f o r  



An expansion of P' i n  t h e  neighborhood of' t he  terminal poin t  of 
the  re ference  t r a j e c t o r y  i s  given by 

P' = P' ( Zif,  - ' , Xnf, - 

1 a2 P' 2 6 t f  + - - 
2 2 Ftf 

a2 P/ 
&f 

+ i = l  

- 
where x denotes values on t h e  reference t r a j e c t o r y .  i 

It is  des i r ed  t o  obta in  a n  approximation t o  (22) v a l i d  t o  second- 

A 

order  i n  con t ro l  v a r i a t i o n s  

ments 

f i r s t - o r d e r  estimate of the va r i a t ions  i s  given by (15). 
t h i s  system t o  f i n a l  time would y i e ld  a f i r s t - o r d e r  estimate of 

An equiva len t  es t imate  i s  given by (20).  

i s  des i red ,  

6yk(t), and estimates of t h e  te rmina l  incre-  

Axlf, which are co r rec t  t o  second-order terms, are requi red .  

I n t e g r a t i o n  of 

Gxif. 
Since a second-order es t imate  

n 
6y + -  c n agi m hi 1 6ki = z -&- 6x + c z x T F - p g  

p = l g = l  P g  
k 2  P = l  P k = l %  

n m a2gi 1 m m a2gi 
"k "s + c  6x 6yk + - c 

p = l k : l a X p a Y k  2 k = l s = 1  



Subs t i t u t ing  t h i s  r e s u l t  i n t o  (l7), t h e  following expression i s  obtained: 

n n n 

n n 

n n m 
+ c  c 

j = l p = l k = l  

In t eg ra t ing  t h i s  expression between l i m i t s  to and tf and s e t t i n g  

6xi(to) = 0 and not ing t h a t  



t h e  following expression i s  obtained: 

n m 

j = 1  

n n 

= c 
j = l p = l g = l  

tf 

6x 6x d t  
P Q  P g  

0 

P tf n n m 
c c 6x 6yk d t  +J  j = l p = l k = l  axp b k  P 

0 

Again, as i n  sec t ion  4, use t h e  s p e c i a l  boundary condi t ion  

j = i  

j = i  

and using t h e  sunbols A (i)(t). The func t ion  J 

(i 1 n 
H. 1 = C l j  g j  

j = 1  

i s  def ined  i n  terms of the  so lu t ion  A 
With these  d e f i n i t i o n s  and t h e  system (23), a second order estimate of 
t h e  increments 6xi is  given by  the  i n t e g r a l  

of t h e  a d j o i n t  system (16). 
j 

t , 

k = 1 



10 

where 

Expression (25) i s  a second order  es t imate  of Fxi(tf). If f i n a l  

time i s  var iab le  a n  estimate of i s  given by 



Subs t i t u t ing  equat ions (27) j n t o  (22) t h e  following second-order approx- 
imation t o  P' i s  obtained: 

+(gif + c &-Ex kif 
j = 1  Jf 

The problem i s  t o  f i n d  

The h i l t o n i a n  H as def ined  i n  s ec t ion  3 i s  r e l a t e d  t o  t h e  H 

terms by t h e  fol lowing expression: 

6yk values t h a t  w i l l  minimize the express ion  (28). 

i 

ap' n 

F H i  H =  
i = l  if 

where Hi i s  def ined by (24).  
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which corresponds t o  t h e  problem of Bolza. 
defined i n  the same manner as the problem of Mayer, except  t h e  func- 
t i o n  ( 3 )  t o  be minimized i s  exchanged for express ion  (30). 
i s  a separate problem wi th in  t h e  b i g  problem. 

The problem of Bolza i s  

This problem 
The d i f f e r e n t i a l  c o n s t r a i t s  

I for t h i s  problem are given by (15). It i s  des i r ed  t o  a d j o i n  these  

Let w be defined by the  following expression: 

whcre wi i s  defined by (26). 

Therefore, 

n m 

i = l k = l  1 
+ c  

b2H m m 1 

2 k = l s = 1  "k "s 
+ -  c 

The expression (28) which i s  t o  be minimized conta ins  the expression 

where tf i s  f ixed. 

Equation (28) is of the gene ra l  form 
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d i f f e r e n t i a l  c o n s t r a i n t s  with new m u l t i p l i e r s  

and w r i t e  t h e  Euler-Iagrange equations, t h e  Weierstrass necessary con- 
d i t i o n ,  and t h e  t r a n s v e r s a l i t y  conditions for t h e  problem of Bolza. 
The genera l  Hamiltonian expression for t h e  problem of Bolza i s  given 
bY 

61i, i = 1, . . ., n, 

n 

i = l  
h = I + C ( i t h  h g r a n g e  m u l t i p l i e r )  ( i t h  v a r i a t i o n a l  equat ion) .  

For t h i s  p a r t i c u l a r  problem, 

aH 6 "k ' + c  
k = l  

The Weierstrass necessary condition t a k e s  t h e  form 

h(6p1, . . . , 6y i+ 2 h 6yl, . . . , Bym) 
m >  ( 

i n  which t h e  6y,-*, k = 1, . . ., m, are a r b i t r a r y .  This expression 

simply s t a t e s  t h a t  t h e  6yk, k = 1, . . ., m, requi red  t o  minimize (28) 
w i l l  y i e l d  a smaller o r  equal  value of h than  any o the r  

By35 k = 1, . . ., m. 

n 

k' 

Corresponding t o  equation (l3), t h e  Euler-Iagrange conditions 
are given by 

i =1,. . ., n 
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Taking t h e  indicated p a r t i a l s ,  

If equat ion (13) i s  l i nea r i zed ,  t h e  following express ion  i s  obtained: 

d2H m 

6x - 3- “k 
bH n a2H 

‘ a x i ; ) x ~ j  k = l  1 j = 1  
ii + 6ii = - ax. - 

Since 

and 

ii = 

i = l , .  . . , n  
‘j’ 

the above equation reduces t o  
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Comparing (33) and (34) it is  seen that the  l i nea r i zed  vers ion of (13) 
i s  equal  t o  t h e  Euler equation f o r  t h e  Bolza problem. 

m u l t i p l i e r s  a r e  only l i nea r i zed  versions of t he  hi m u l t i p l i e r s  f o r  
This, the  FAi 

t h e  Mayer problem and the  

t h e  l i nea r i zed  vers ion  of 

L 

8ii equations can be obtained by ca l cu la t ing  

ii. 

The t r a n s v e r s a l i t y  

given by 

conditions corresponding t o  open 6x a r e  
jf 

Taking the  appropriate  der iva t ive  of (28) t h e  fo l luwing  r e s u l t s  a r e  
obtained : 

If a l inea r i zed  vers ion  ot’ (12) is  ca lcu la ted ,  the  following r e s u l t  i s  
obtained: 

h j f  + ahjf - - h j f  + 6hjf + ij 6t f  

Since 
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and 

the  following expression i s  obtained: 

+ n c -- apt ''if E t f  , j = 1 , .  . ., n 
i = l  AXif dXj f  

Comparing equation ( 3 5 )  and (36) it i s  seen t h a t  t hese  two expressions 
a r e  equal .  Therefore, t h e  t r a n s v e r s a l i t y  condi t ions f o r  f r e e  6x 
f o r  the Bolza problem i s  a l inea r i zed  vers ion  of t h e  t r a n s v e r s a l i t y  
condi t ion fo r  f r e e  x f o r  t he  Mayr problem. 

jf 

jf 

Since t is  f ixed  i n  t h e  Bolza problem, no t r a n s v e r s a l i t y  f 
condi t ion i s  needed for f inal  time. However, t h e  parameter 6 t f  must 

be chosen which minimizes (28) .  

6 t f  i s  chosen such t h a t  

This condi t ion  w i l l  be s a t i s f i e d  if  

The above expression i s  equal  t o  t h e  following expression:  
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d2P n n 
c Qif P X j f  + Qjf 6%) i = 1 j = 1 a x i f  ' X j f  

+ 2) 6 t f  + c 

+ c a2P I + 2gif st,) + (37 1 
n 

i = l  (sxif 

A l i n e a r i z e d  vers ion  of t h e  t r a n s v e r s a l i t y  condition (ll), where 

f o r  t h e  Mayer problem is  as follows: 

m ki f .  n 
6tf  + aP' 

ay,, Ykf i = l  i = 1  i f k = l  
+ c = & - - c  

n a2P n a2Pi 
+ ' g i f  6tf + ' Exif i = l  i = l  



Rcarranging terms, 

Comparing (37) and ( 3 8 ) ,  it i s  seen t h a t  the  condi t ion f o r  minimizing 

6 t f  
t r a n s v e r s a l i t y  condi t ion f o r  free tf f o r  t h e  Mayer problem. 

f o r  t h e  Bolza problem i s  t h e  same as the  l i n e a r i z e d  vers ion  of t he  

Before continuing the  d iscuss ion  of condi t ions  t h a t  must be satis- 
f i e d  t o  minimize (28), it i s  necessary t o  d i scuss  t h e  ideas  presented 
i n  the  next sec t ion .  

7. RESTRICTION OF SmP SIZE OF CONTROL VARIABLE3 

The funct ion h as given by (31) i s  a second-order quadra t ic  
approximation t o  H. If h i s  concave up a minimum will exis t ,  bu t  i f  
h i s  concave d a m  d i f f i c u l t i e s  w i l l  occur i n  determining s t e p  s i z e  
changes i n  the con t ro l  va r i ab le s  s ince  no minimum of h w i l l  ex i s t .  
The following d iscuss ion  w i l l  r e s u l t  i n  a modif icat ion t o  a l leviate  the  
d i f f i c u l t y .  

Let the following i n t e g r a l s  represent  c o n s t r a i n t s  on t h e  step s i z e  
changes i i i  6yk, k = 1, . . ., m ;  
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k = 1, . . . >  m. $ 6yk2 d t  = % 2 > 

A n  equivalent  d e f i n i t i o n  of t h e  above i n t e g r a l s  are t h e  following forms: 

k = l , .  . . , m  1 2  
(n + k )  = F ” k  6% 

where 

6X (n  + k)(to) = 

2 
6x(n + K ) ( t f )  = ak 

The above 6xn + values represent  add i t iona l  s t a t e  equations and 

t h e  problem must be completely reformulated with t h e  add i t ion  of t h e  
m s t a t e  var iab les .  However, the Euler-&grange equat ions and the  
t r a n s v e r s a l i t y  conditions previously developed are i d e n t i c a l  t o  those 
f o r  t h e  modified problem. The function h now becomes 

n n agi m agi 
6x + c ax. 3 k = l K  

h = C 6hi ( 
i = l  j = 1  J 

2 m 
+ c  k = l  + k “k ‘ (39 1 

Since h i s  a quadrat ic  equation t h e  requirement f o r  h t o  possess a 
minimum f o r  unbounded con t ro l  var iab les  i s  

- -  a2h - -  a2H 2 0  2 ayk2 + “n + k 

If - a2’ i s  negative a EAn + must be chosen a t  l e a s t  l a rge  enough 
k2 n 

t o  cause (40) t o  be pos i t ive .  



28 

From cmputa t iona l  experience,  it has been determined that the  
above requirement, al though co r rec t ,  i s  not by i t s e l f  adequate. 

con t ro l l i ng  where the  minimum should f a l l  must be included. 
luwing discussion w i l l  y i e ld  the  needed r e s u l t s .  

That 

The f o l -  
l i s ,  not only should h possess a minimum but  a l s o  some method of 

In  appl ica t ions  t o  t r a j e c t o r y  design, the  Hamiltonian H p lo t t ed  
aga ins t  a control  
t he  f igu re  below. The value of 8 

8 w i l l  have t h e  shape of a s ine  curve as shown i n  
would be t h e  des i red  min 

3 
h 

/ 

/- 

e 

I l 
I I 

hl 

Quadrat ic  Approximations of H 

value t o  minimize H. This value can be determined by ca l cu la t ing  the  

two values  t h a t  s a t i s f y  the  condi t ion 

A comparison w i l l  y i e ld  the  smallest  value of H. The value 8 repre-  
s en t s  t h e  current value of the  con t ro l  func t ion .  The curve hl i n  the  

above f igu re  r ep resen t s  h i f  no c o n s t r a i n t s  have been introduced t o  

ensure a minimum. The curve h2 i s  t y p i c a l  of the  h func t ion  i f  con- 

d i t i o n  (40) i s  employed t o  ensure a minimum. The des i red  h charac te r -  

i s t i c  is a funct ion such as h which has the  same minimum as H. It 
i s  possible  t o  ca l cu la t e  a 

= 0, t h a t  i s ,  emin' and 
'max. 

aH 
- 

3 
which w i l l  insure  coincidence of t h e  e 



29 

minima. Knowing t h e  value of H a t  the  value of H 8 

approximated by t h e  following second-order Taylor s e r i e s  expansion: 
(min)  is 

- 
where t h e  p a r t i a l  de r iva t ives  are  evaluated a t  0 .  

The above express ion  can be wr i t t en  as 

where 
- 

W = emin - e 

The above expression i s  only a quadratic equat ion  i n  

t h e  expression has a minimum t h e  c o e f f i c i e n t  of t h e  
be pos i t i ve .  This i s  insured  by t h e  previous argument i f  t h e  equat ion  
is w r i t t e n  as 

68. To insure  

8e2 terms must 

0 

If t h i s  quadra t ic  i s  

O =  

t o  have a minimum at emin' 

) (Qmin -9 



and thc  required value of File for t h e  minimum of h t o  fall on t h e  

same 8 as the minimum of I1 i s  

A sirnil-ar r e s u l t  must be der ived for each unliounded con t ro l  r'unction. 

8. GEOMETRY AND EQUATIONS OF MOTION FOR 
INSERTION 1 I " O  CIRCULAE ORBIT 

To he lp  c l a r i f y  the  ideas  presented i n  t h i s  memorandum, t h e  derived 
equat ions a r e  appl ied  t o  a p a r t i c u l a r  example. The equat ions of motion 
are needed before t h e  ideas  i n  the  next s ec t ion  can be discussed.  In se r -  
t i o n  i n t o  a des i red  c i r c u l a r  o r b i t  t o  minimize f u e l  consumption wi th  
va r i ab le  t h r u s t  c a p a b i l i t y  i s  t y p i c a l  of most Apollo t r a j e c t o r i e s  and 
only r e l a t i v e l y  minor changes are needed t o  solve o the r  problems. Let 
t he  x ,  y plane be defined i n  the  plane of t he  o r b i t .  The angle  8 
de f ines  t h e  t h r u s t i n g  angle  i n  a plane through the  p a r t i c l e  and p a r a l l e l  
t o  the  x, y plane.  The angle  8 i s  

Z 

Lunar sur face  

,Y 

Thrust  vector  

P a r t i c l e  Desired c i r c u l a r  o r b i t  

X 
C ?ordinate  System 

measured from a l i n e  p a r a l l e l  t o  t he  x axis. The angle  a i s  t h e  
out-of-plane angle .  The equat ions of  motion are i n  t h e  i n e r t i a l  system. 
Since t h e  problem of Mayer c a l l s  f o r  f i r s t - o r d e r  d i f f e r e n t i a l  equat ions,  
t he  equations of  motion are of t he  fol lowing form: 

= G = - T COS u COS 8 - px/R 3 
Q1 m 



and 

where 

3 g2 = ir = cos a s i n  e - ~ Y / R  m 

. T  
g3 m 

- - w = - s in  a - p z / ~ ’  

g 4 = k = u  

g5 = $ = v  

-T 
g 7 = m =  - C 

T = t h r u s t  

m = mass of p a r t i c l e  

p = g r a v i t a t i o n  cons tan t  

R 2 = x 2 + y  2 2  + z  

and 

c = ve loc i ty  of exhaust gas 

The Hamiltonian which is defined as 

n 

i = 1  
H = C hi gi 

i s  equal  t o  \ I H = (2 cos a cos 0 - px/R3) ‘u m 

+’v m 

+ 

+ + + l Z W  + 

cos a s i n  8 - py/R3) 

(E s i n  a - 4 R 3 )  

Y 



hi add i t iona l  condi t ion t h a t  must be s a t i s f i e d  f'or a minimum wi th  
cxic cont ro l  var iab le  8 i s  the  Legendre-Clebsch condi t ion 

t h i s  condition i s  satisfied.  For two con t ro l  va r i ab le s ,  8 and a, 
t h e  Legendre - Clebsch condi t ion i s  

P o s i t i v e  semidefini teness  of t h i s  quadra t ic  form r e q u i r e s  t h a t  

From (40) and t h e  condi t ion t h a t  



the  condi t ions can be w r i t t e n  as 

h2H z+ O 

Since (40) assures s a t i s f y i n g  (50) and (51), only condi t ion (52) must 
be checked. If (52) i s  not s a t i s f i e d ,  &le and 8), must be made large 
enough t o  s a t i s f y  the  condi t ion.  U 

10. SWITCHING FTTNCTIONS FOR SECOND VARIATIONAL METHODS 

If the  t h r u s t  l e v e l  can be varied between minimum and maximum l e v e l s ,  
it i s  des i red  t o  formulate switching funct ions corresponding t o  t h e  d i s -  
cussion i n  sec t ion  4. If the time tl i s  determined as an optimum 

t i m e  t o  change the  t h r u s t  l e v e l  t o  minimize 
s h i p  must hold: 

P', t h e  following r e l a t i o n -  

This  equat ion is  equal  t o  

dxi 
and - q dt l '  

ap Before proceeding, it w i l l  be necessary t o  evaluate .  

The following de r iva t ion  w i l l  r e s u l t  i n  an eva lua t ion  of t h e  ' terms. ax. 
1 

If the  nominal t r a j e c t o r y  i s  optimal, t h e  following r e l a t i o n s h i p  
involving t h e  v a r i a t i o n  Exi and t h e  m u l t i p l i e r s  hi(") holds: 



n 
c A .  6xi = constant  

i = l  1 

This may be ve r j f i ed  by f i r s t  t ak ing  t h e  d e r i v a t i v e  of the  l e f t  hand 
siclc and s i ibs t i tu t ing  the r e  l a t ions  

a nd 

k = l  

That i s ,  

n n n - c A .  6Xi = C ii 8 X i  + hi 8ki 
i = 1  1 d t i = l  i = l  

Since 

and 
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t he  above express ion  can be reduced t o  

n a H  aH 6x + c 
n n - ax j k = 1 F G y k  
c A EXi = c - a t  i = l  i 

i = l  j = 1 '  j 

a H  = e  
k = l  

Since t h e  nominal was assumed t o  be optimal,  

k = l , .  . . , m  

and 

which proves (53). 

I n  p a r t i c u l a r ,  

m n 

i = l  i = l  
c Ai ( t) 8Xi  ( t )  = c Aif EXif 

Since 

and 

n 

i = l  
H = Ai gi 



the above exprcssion can be writ,tcn as 

n n .. 

c xj (t)  EXi  ( t )  = x Aif (hi, - gif) 
i = l  i = l  

n n 

n 

i = 1  
= c Aif Axif - H (tf) 6 t f  

From s e c t i o n  3, for a n  optimum t r a j e c t o r y  

H + a p ' p t ,  = o 

and 

3Pl/axif = Aif 

so  t h a t  

ap 
f -  

3P' n 

&if at, 6tf c xi ( t ,  EXi ( t ,  = c 
i = l  i = 1 % f  

T F  right-hand s i d e  of t h i s  equat ion is an expres s ion  for t h e  change i n  
P which i m p l i e s  t h a t  

is reduced t o  ?P' 
dtl 

a t  any t i m e  t .  Therefore the expression for - 

where 
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dx. t 
The term &- can be approximated from the  equat ions of motion. 

d t  , I 
From equat ion (41), if the switching t i m e  

incremental  value E t l ,  t he  change i n  u i s  approximated by 
tl i s  changed by a small 

cos a cos e - !$)- E t l  

- cos e cos a - y )  E t l  

R 

R m 

However, t he  change i n  u a t  tl + E t  wi th  t h e  t h r u s t  l e v e l  charged 

a t  t, would be 
1 

!$)+ (: R 

= (g cos e cos a - 5) 

6u = - cos 8 cos a - 

R 

The e f f e c t i v e  change i n  u would be 

m 

or 

cos e cos  a du (T' - T-) 
8 - 

m dtl 

An equivalent  r e s u l t  f o r  t he  other  state va r i ab le s  a r e  t h e  following 
partials: 



- -  d z  - 0 
dtl 

Eq\iation (?)I-) now t a k e s  the fol3.owing form: 

- =  dP' A U [(Ti m - ' T - g c o s  8 cos a 
1 d t  

+ xv IT'+ m - T - q  s i n  0 cos a 

A l i n e a r i z e d  vers ion of t h e  equat ion t akes  t h e  fol lowing form: 

Taking t h e  appropriate  de r iva t ives ,  t h e  above func t ion  t akes  L e  following 
f oms 

X cos 8 cos a + X s i n  8 cos a - cos 0 cos a + Av s i n  0 cos a 
U V 

+ cos 8 cos CL M + sin CL MU %n Am + Aw s i n  CL - - 
C U 

( 5 5 )  
+ s i n  0 cos a. Ah - - - h cos 0 s i n  a + h s i n  a s i n  8 

V "zhm C ( u  V 

- 'lw cos u ) h  - (AU s i n  0 cos a - h cos a cos  
v 
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;)T T - = 0, (YT PYom sec t ion  11, thc conc’l-itinn for changing th? t h r u s t  lcvcl i z  
For t he  geometry assumc.d i n  t h i s  memorandum t h i s  func t jon  i s  as follows: 

’m s i n  a - - ; ~ r  = - cos a cos 8 + - cos a s i n  8 + - V hW 
h h 

m m m C 

311 u 

A l i nea r i zed  vers ion  of  t h i s  expression i s  as follows: 

X cos a cos 9 + A cos a s in  8 + X s i n  a 
U v W 

+ cos a cos 8 Ah + cos a s i n  8 Ah ’m - -  
C U V 

- h s i n  a cos 0 - X s i n  a s i n  8 + h cos a Cu 
v W ) 

) 
+ (  

- 1 ( A  cos a cos + A cos a sin e + A s i n  a = o m u  V W 

Comparing ( 5 5 )  and ( 5 6 ) ,  it i s  seen t h a t  t h e  switching funct ions are 
l i n e a r i z e d  vers ions  of the  switching func t ions  f o r  t h e  Mayer problem. 

11. EULl3R EQUATIONS FOR CONTROL VARIABLES 

For an  optimum t r a j e c t o r y ,  the fol lowing expressions are s a t i s f i e d :  

k = l , .  . . , m  ah 

a2H a2H 
+ 

+ c  
i = 1  s = l  

( 5 7 )  



I b r  tihe Maycr problem, the  Euler  equat ion f o r  t he  con t ro l  variables 
arc a s  follows: 

a1 1 
'3 = 0, 

'k 

o r  

L inear iz ing  t h i s  expression I 

k = l , .  . . , m  

k = l , .  . . , m  

a2H 
+ c  a~kah, = O i = l  

Since 

equat ion (57)  and ( 5 8 )  d i f f e r  only by t h e  8hn + term. Therefore,  

t he  Euler equation fo r  the  con t ro l  variables for t h e  Bolza problem are 
l i n e a r i z e d  versions of t he  Euler  equat ion for t h e  c o n t r o l  variables 
wi th  t h e  addi t ion  of t h e  6Xn + terms. 

12. RESULTING EQUATIONS FOR SECOND VARIATION AS APPLIED 
TO ORBIT INSERTION PROBLEMS 

For t h e  geometry and problem defined i n  s e c t i o n  8,  t h e  following 
fiv? end conditions are requi red  f o r  i n s e r t i o n  i n t o  c i r c u l a r  o r b i t :  

- w f i = o  2 
$ 1 = u 2 + v  f f 

Jr2 = Uf Xf + Vf yf = 0 
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g, = Zf = 0 

- 
where R i s  t h e  r ad ius  of the desired c i r c u l a r  o r b i t ,  i s  t h e  
des i r ed  c i r c u l a r  ve loc i ty .  

The condition $, i s  the  vector do t  product and r e q u i r e s  t h e  f i n a l  

v e l o c i t y  vec tor  and p o s i t i o n  vec tor  t o  be perpendicular.  

For t h i s  problem it i s  des i red  t o  maximize t h e  f i n a l  weight. Since 
the  formulation has been for a minimum problem, the  problem i s  changed 
t o  minimize t h e  negative of t he  f i n a l  weight. 
it was  found b e t t e r  t o  minimize the  following expression: 

For c m p u t a t i o n a l  purposes 

f p = - -  
m 

m 
0 

where 

m i s  the i n i t i a l  mass 
0 

and 
m i s  the f i n a l  mass. 

f 

From t h e  d e f i n i t i o n  of t h e  penalty f’unction i n  sec t ion  5 and t h e  
above defined end conditions,  

2 

I f R  m 
p = -  

0 

k4 [k; 2 y 2  - 3 2 k  + 2  2 2 
+ yf 2 f  + -  

2 



The thrus t ing  scheme is  assumed t o  be as follows: 

T 

I--- I 
I I Tq------7 I I I 

I 
I 

l-------l 
T2 I I I 

Thrust Versus Time 

where 

T = maximum t h r u s t  1 

T = minimum t h r u s t  
2 

The problem i s  t o  determine values  of a ( t ) ,  0 ( t ) ,  tl, and t2 t o  
minimize P’ sub jec t  t o  the  equat ions of motion. 

The equations for t he  above Mayer problem a r e  first developed s ince  
they  a r e  needed both t o  develop and solve the  second v a r i a t i o n a l  eqm- 
t i o n s .  The Euler equat ions for the  above problem a r e  given by equa- 
t i o n  (13) and are of the form 

aH ax, ’ = -  
i i = l , .  . ., n 

and H i s  given by equat ion (48). 

Taking t h e  ind ica ted  p a r t i a l s ,  t he  f o l l m i n g  Euler equat ions a r e  
obtained : 

h = -A 
U X 

A = -1 w 2 

(59) 



- R') + 3hv xy + 3hw xz J hx = $ bu (3x2 
R 

- R') + 3hw yz 1 i = 'CL f h  xy + hv ( 3 Y  2 
Y R 5  

iz = ?  k h  U xz + 3hv yz + hw (322 - R 2 ) j  
R 

and 

( 6 5 )  ) im = 5 (1 cos a cos 8 + A cos a s i n  8 + A s i n  a 
U V W m 

From equat ion (121, t h e  t r a n s v e r s a l i t y  condi t ion  f o r  f r e e  x 
t h e  following form: 

i s  of 
f i 

Taking t h e  ind ica t ed  p a r t i a l s ,  the following t r a n s v e r s a l i t y  condi t ions  
are obtained: 

hU (") = kl Uf 
- 

hv p f )  = kl v1 [ - 
($'* ( U f 2  4- Vf ')-I7 + k2 Xf (Uf Xf + Vf Y f )  

hw (tf) = k3 Wf 



2 Ax (tf) = k* Uf (Uf Xf  + f f  Y f )  + k J l  X f  [ 1 ’  fi (Xf + yfi.)’ly 

-112 

h y  ( tf)  = k2 (Uf Xf  + 

Y f )  + k4”f 11 - E (x; + Y f 2 )  1 
A Z  p f )  = k5 Zf 

and 

1 
* r n ( t f )  = - m 0 ( 7 2 )  

The Euler equations f o r  t he  con t ro l  v a r i a b l e s  are given by equat ion (14) 
and have the following form: 

aH - A  cos a s i n  e + A cos a cos Q ) s=m( U V 
(73 1 

and 

(74) 1 aH - A  s i n  a cos 0 - 1 s i n  a s i n  8 + A cos a x=;( u V W 

The t r a n s v e r s 9 l i t y  condi t ion  f o r  fYee f i n a l  time i s  given by equat ion  (ll), 
bu t  s ince 0, the condition reduces t o  at,= 

H = O  ( 7 5 )  f 

To apply the  second v a r i a t i o n a l  r e s u l t s ,  P’ should be expanded i n t o  
the  form (28 ) .  Huwever, from t h e  previous resul ts ,  a l l  of t h e  second 
v a r i a t i o n a l  equations are l i n e a r i z e d  vers ions  of t he  equat ions  devel- 
oped f o r  t he  Mayer problem. The d i f f e r e n t i a l  equat ions  f o r  t he  state 
va r i ab le s  a r e  obtained by l i n e a r i z i n g  t h e  d i f f e r e n t i a l  equat ions  (41) 
through (471, and t h e  genera l  form i s  given by equat ion  (15). 
i ng  the  ind ica ted  operations,  t h e  folluwing d i f f e r e n t i a l  equat ions  a r e  
obtained : 

Perform- 
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- T ( s i n  a cos 8 6a + cos a s i n  8 s e )  m 

m - A COS u COS 8 6m 
2 m 

3y2 - R2)  6y + 3y 

T 
2 m 

- - cos a sin e 6m 

T T 
m 2 m 

+ - cos a 6a - - sin a 6 m  

8k = 6u 

sjr = 6v 

si = 6w 

and 
slil = 0 

(77) 



Tlic term Sm must bc t r e a t e d  sepa ra t e ly  s ince  hm = 0 and iim 
varics only if K t l  or 6 t  va r i e s .  The expression f o r  Km i s  given 

by t he  following: 
2 

A 

-H (t2) (T2 ‘I) fit2 

h 

where I1 i s  the Heaviside funct ion and i s  def ined as 

F r o m  t h e  previous d iscuss ion ,  the  second v a r i a t i o n a l  Euler  equat ions 
a r e  l i nea r i zed  vers ions  of t h e  Euler  equat ions  f o r  t he  Mayer problems, 
and t h e  general  expression i s  given by (34) .  Taking l i n e a r i z e d  ver- 
s ions  of equations (59) through (651, t h e  fol lowing second v a r i a t i o n a l  
Euler  equat ions are obtained: 

61 = -6Ax (84) 
U 

= -6X (851 
v Y 

6hw = -6Xz 

+ Fuy(R2 - 5x2) + h V x(R2 - 5y2) + A W Z ( - 5 X Y d  6Y 
L 2 . 



+ h x(-5yz) + hvz(R2 - 5Y2) + hwY(R - jcq ..:) L 
- -k L(Jy)GAu + (3y2 - R2)6Av + z(3y)GA W 1 (88) 

R5 

+ E x(R2 - 3z2) + Xvy(R2 - 5z2) + h z(3R2 - 5z2)1 6 4  
U W 

ana 

) FAm = - (61U cos a cos 0 + 6hv cos a s i n  8 + 6kw s i n  a 2 m 

-1 s i n  a cos 0 - A s i n  a s i n  8 + A cos a ~a + ? (  m u V w >  

) 
T 
2 V m 

+ - (-Au cos a s i n  0 + A cos a cos 8 68  

2T A cos a cos 8 + 1 cos a s i n  8 + A s i n  a 6m 
- d u  m V W ) 



A s  prcvi ously discussed,  the. t r a n s v e r s a l i t y  condi t ions f o r  t he  
scxc(~nd variational problcm f o r  free fix a r e  l i n e a r i z e d  vers ions  of t he  

t ~ a i i s v c r s a l i t y  condi t ions f o r  free xi for the Mayer problem. The gcn- 

cral form of t h e  t r a n s v e r s a l i t y  condi t ions  i s  given by (36). 
cqmt  1 ons (66) through (72), Lhe fol lowing t r a n s v e r s a l i t y  condi t ions  :ire 
obtained: 

-i 

Linear iz ing  

%( t f )  = 
u 2 + v  f f 

&Aw (tf) = k Awf - hw E t f  
f 3 (93) 
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l -  

3 h x ( t f )  = k2 (2uf xf + v y Au + k u y Avf f f ) f  2 f f  

and 

= k  v x Au + k  u x + 2 v  y “ Y ( t f )  2 f f f 2 (  f f f f )  Avf 

R 

L 

Yf 6tf 
- A  

AI, tf = 0 

4ff 

(95) 



Il’r*orn t tic prc.vi 011s d i  sciissi on, the. condi1,i on for. thc  paramctcr f 
L’OY (lie T301 za probl rn  i s  cqiial t,o the 1 jncar i  zcd condi t ion f o r  0r.c  t, f 
€‘or. t hc- Mnycr problem. 
l i t i r a r i z ing  (7‘71, the  following r c s u l t  i s  obtained: 

The general form i s  givcri by cquation (3‘7) and 

Thc switching funct ions for the  second-variat ional  method are given 
~ ) y  equat ion ( 5 6 ) .  

From the previous discussion,  t he  Eu le r  equat ions  f o r  t h e  con t ro l  
va r i ab le s  f o r  the  second v a r i a t i o n a l  method are l i n e a r i z e d  vers ions  of 

t he  Euler  equations f o r  the  Mayer problem wi th  the  add i t ion  of t he  
5 terms. 

l i n e a r i z i n g  equations (73) and (741, t h e  following r e s u l t s  are obtained: 

The genera l  expression i s  given by equat ion ( 5 7 ) ,  and 

cos a s i n  e + 6~ V cos a cos e ) + T ( U  m 

1 

- x COS u COS 
V (99) 

and 

6 e  + (-EX s i n  a cos 8 
U 

6a 

- 6hv  s i n  a s i n  8 + 8hw cos  a) 

+ (A” s i n  a cos e + x s i n  a s i n  8 v m 

- h cos a) (100) 
W 



It i s  necessary, from t h e  discussion i n  sec t ion  7, t o  determine the  
expression f o r  & h e  and &ha. The expression f o r  K A e  i s  given i n  

s e c t i o n  7, and it i s  necessary only t o  determine t h e  expression f o r  
e From the expression min' 

3H T 
= ; ( -hU COS a s i n  e + A C O S  a cos e 

min min V min) 

-h  cos a s i n  8 + A COS COS 8 = o 
U min v min 

o r  

V 
A 

t a n  0 - - min - h U 

= 0, 

-h 

-1 
V V 

U U 

h 

h Sin  3 - and - w i l l  s a t i s f y  the  above express-m,  it &s now neces- 

s a r y  t o  determine which expression w i l l  minimize 
seen t h a t  

H. From (101), it i s  

V 
f h  

s i n  8 = 

and 

U 
f h  

cos e = 

are s u b s t i t u t e d  i n t o  equation (48) and t h e  terms no t  involving 
dropped s ince they  are constants,  t h e  following r e s u l t  i s  obtained: 

8 are 

U 
h U 

h 



wli-i cli i s  n p o s i t i v c  qiianti t y .  

-1 -A -A 
U 

-1 v T P  thr values s i n  8 = and cos  8 = 

v V 

a r c  nsed i n  the same expression,  t he  following r e s u l t  i s  obtaincrl: 

which i s  a negative quant i ty .  Therefore,  s ince it i s  desired t o  
minimize H, t h e  c o r r e c t  value Por  8 i s  

-h 
V 

U 
= tan-' -h min 

e 

A similar ana lys i s  must be performed for a From t he  expressions min' 

-A s i n  a cos e - A s i n  a s i n  e + hw cos a ;?H 
min 

r = m (  u min V min min) = '7 

- h  s in  a cos 8 - A s i n  a s i n  8 + h cos a = 0 
U min V min W min 

or 
W 

h 

) 
t a n  a - min - ( h  cos 8 + h s i n  e 

U v 

w i l l  satisfy W 
-1 h 
W 

Since -(A cos 8 + A s i n  

the  above expression, it i s  necessary t o  determine which expression w i l l  
minimize H. from equat ion (103) it i s  seen t h a t  

and A cos e + hv s i n  e 
U V U 



and 

khW s i n  a = 

>' + A cos 0 + A s i n  e f i w  ( u  v 

f A cos 0 + A s i n  e) cos  a = ( U  v 

)2 
JA + (hU cos  8 + s i n  

W v 

T P  the values  

W 
h 

s i n  a = 

>' + A cos  0 + A s i n  e 
Jiw ( u  V 

and 
AU cos 0 + Av s i n  0 

cos  a = 

>' + A cos  0 + A s i n  0 d". ( u  W 

are subs t i t u t ed  i n t o  t h e  expression for H given i n  sec t ion  8 and 'Lhe 
terms no t  involving 
lowing r e s u l t  i s  obtained: 

a are dropped s ince  they  are constants ,  t he  fol- 

h cos e h U  cos 0 + h s i n  8 t A s i n  0 AU cos 0 + A s i n  0 + Aw 2 
U ( V > v  V 1 

>' \i" 2 + (Au cos 0 + A s i n  e 
W V 

A cos2 e + 21 A s i n  e cos 8 + A,' sin2 e + hw2 - U v u  - 

( hU cos 0 + hv s i n  e) 2 + hw 2 
- - 

which is  a pos i t i ve  quant i ty .  



-A 
and W 

Tf t.hc valucs s i n  a, = _- 

-1 
= t a n  U min 

a r e  used i n  t h e  same expression, 
h, cos 8 + A s i n  8 

( U  V c n s  a = - 

W 

min) + Av s i n  0 -b cos min 

tlie following r e s u l t  i s  obtained: 

2 A cos  8 A cos 8 + A s i n  8) - A s i n  e cos 8 + A~ s i n  8) - hw 
11 ( U  v V ( 

which i s  a negative quant i ty .  

A s  a r e s u l t  of t h i s  a n a l y s i s  and using 8 as t h e  c o r r e c t  value min 
of 8, t he  following r e s u l t  i s  obtained f o r  t h e  des i r ed  a 
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15. METHOD OF SOLUTION FOR PENALTY RTNCTION PROCESS 

The previously defined r e s u l t s  have y ie lded  s i f f i c i e n t  condi t ions  
t o  solve the  penalty Axnction process. 
step-by-step desc r ip t ion  of t h e  method of so lu t ion .  This memorandum i s  
not  intended t o  descr ibe  the a c t u a l  program and a succeeding memorandum 
w i l l  d i s cuss  the program i n  d e t a i l .  The sequence of c a l c u l a t i o n s  i s  
f o r  t he  problem discussed i n  sec t ion  12. Solu t ion  techniques f o r  
o ther  problems r equ i r e  only r e l a t i v e l y  minor changes. 

The fol lowing d iscuss ion  i s  a 

Step 1. Store  t h e  f irst  es t imate  f o r  e ( t ) ,  a ( t ) ,  tl, and t2. 

Step  2. I n t e g r a t e  numerically systems ( 4 1 )  through (47), employing 
t h e  f irst  estimate of a(t) ,  e ( t ) ,  tl and t2 from Step  1. 

Step  3. Terminate the  t r a j e c t o r y  a t  a t i m e  tf such t h a t  P’ 
a t t a i n s  a minimum. The condi t ions  for t h i s  t e rmina t ion  a r e  discussed i n  



s e c t i o n  6 .  
i n i t i a l  t i m e ,  t he  i n i t i a l  values of  t h c  state variables a r e  t h e  cons tan ts  
of i n t eg ra t ion .  This t r a j e c t o r y  i s  t h e  re ference  t r a j e c t o r y  and varia- 
t i o n s  i n  t h e  con t ro l  v a r i a b l e s  and switching times w i l l  be determined 
which w i l l  minimize P‘  on t h e  succeeding t r a j e c t o r y .  

Since t h e  problcm w a s  defined for f i x e d - s t a t e  v a r i a b l e s  a t  

S tep  4. The numerical ca l cu la t ions  a r e  now a t  t and Lagrange 

can be ca lcu la ted  from the  r e l a t i o n s  (66) through 
f 

m u l t i p l i e r s  a t  

(72). 
given by equations (59) through (65) can be i n t e g r a t e d  backward i n  time 
t o  t i m e  t 

tf 
Using these  values as constants of i n t eg ra t ion ,  t h e  a d j o i n t  system 

t o  obta in  i n i t i a l  values of  t he  Lagrange m u l t i p l i e r s .  
0 

Step  5.  It i s  necessary t o  determine a t r a n s i t i o n  mat r ix  t o  ca l -  
c u l a t e  changes i n  f i n a l  values of t h e  Lagrange m u l t i p l i e r s  as a r e s u l t  
of changes i n  i n i t i a l  va lues  of the a d j o i n t  v a r i a b l e s  and changes i n  
tl and t The following expressions are used t o  form t h e  t r a n s i t i o n  

matrix: 
2’ 

A 

6 t  + Ai, i = 1 , .  . ., 7 ( 105 1 ’ A i  (t f )  
2 + 

axi tf 
6A t + .# 6 t l  

ah . ( to )  j (  0 )  1 
F X i ( t f )  = c 

j=1 J * F t  + Gi, i = 1 , .  . ., 7 ( 106 1 2 
+ 

2 

The h a t  terms i n  the previous expressions a r e  a r e s u l t  of t h e  nonhmo- - - 
a H  a H  geneous terms and 3, appearing i n  t h e  equat ion  f o r  6a and 

~ .. 

6 8  as given by equations (99) and (100). 
a r e  nonzero, 

may be nonzero even i f  a l l  of the va lues  

If  t h e s e  nonhomogeneous terms 
Gxi(tf)? i = 1, . . ., 7 

6hi ( t J  , i = 1, . . ., 7 and 
F A .  (tf), i = 1, . . . , 7 ,  and 
1 



2s a r e  zero. The above e stem can be w r i t t e n  i n  the  

matr ix  form shown on the  following page. 
I!+ Y 9 m a t r i x  of p a r t i a l  de r iva t ives  and the  14 X 1 matr ix  of h a t  terms. 
A t o t a l  of 10 separate  ca l cu la t ions  are necessary f o r  t h i s  operat ion and 
a r c  l i s t e d  below. The values  of File and ?)Aa a r e  ca l cu la t ed  a t  every 

int ,cgrat ion poin t  using the  method discussed i n  s e c t  ion 9. 

It i s  neccssary t o  evali late t he  

Step a.  Set  8tl, R t  and f i h i ( t f ) ,  i = 1, . . ., 7 values  t o  
2' 

zcro. 
equat ions (76) through ( 8 2 ) ,  and equat ions (84) through (90) t o  t i m e  

using S a  and S 8  given by the  equat ions given on page 50. Since a l l  
v a r i a t i o n s  are  s e t  t o  zero f o r  t h i s  operat ion,  the  values  obtained f o r  
A A i ( t )  and Gxi( t ) ,  i = 1, . . ., 7, a r e  t h e  e f f e c t s  of t he  nonhomo- 

geneous terms i n  6a and 80,  and the  6 h i P r )  and 6xi(tf) ,  i = 1, 

. . . , 7 values are t h e  terms of t he  14 X 1 h a t  matrix.  

In t eg ra t e  equation (41) through (471, equat ions (59) through (651, 
tf 

3H ae i n  the  6a and 68 For s teps  b through j t he  terms a, and - aH 

equations a re  s e t  t o  zero s ince  s t e p  a determines the  e f f e c t  of t hese  
terms. 

S tep  b. Set E t l  = 0, 6 t 2  = 0, 6 h  t = 1, and FAi = 0, 
u (  0)  

i = 2, . . ., 7. 
In t eg ra t ing  the same equations l i s t e d  i n  s t e p  a forward t o  tf, the  

Fxi(tf)  and 6hi( t f ) ,  i = 1, . . ., 7 va lues  obtained represent  changes 

i n  the  s t a t e  var iab les  and i n  t h e  Lagrange m u l t i p l i e r s  a t  f i n a l  t i m e  due 
t o  a u n i t  change i n  the  i n i t i a l  value of t h e  1 m u l t i p l i e r .  These 

values  represent  column 1 i n  t h e  14 X 9 t r a n s i t i o n  matrix.  
W 

Step c .  Same operat ion as s t e p  b except  set 6hv(to) = 1, 

6hi(to) = 0, i = 1, 3 ,  . . ., 7 t o  ca l cu la t e  t h e  second column i n  the  

1 4  X 9 t r a n s i t i o n  m t r i x .  

Step d. Same operat ion as s t e p  b except  set  6lv(t0) = 1 t o  ca l -  

cu la t e  t h i r d  column i n  14 X 9 t r a n s i t i o n  matrix.  

Step e. Same operat ion as s t e p  b except set 6hx(to) = 1 t o  ca l -  

cu la t e  fou r th  column i n  1 4  X 9 t r a n s i t i o n  matrix.  



' ,',' 

Trans i t ion  Matrix 



~ t c p  f. same opcrat ion as s tcp II cxccpt  sct  F ~ A ~ (  J = 1 t o  cal- 

ciilat,c fii'th column -in 111 x 9 t r a n s i t i o n  matr ix .  

S tcp  g. Same o w r a t i n n  as s t c p  b except  set  i ; h z ( t 0 )  = 1 t o  ca l -  

c u l a t e  s i x t h  column j n  114 X 9 t r a n s i t i o n  matr ix .  

Step 11. Same operat ion as s t ep  b except  s e t  T ) A m ( t o )  = 1 t o  ca l -  

cu;aL.t: sevcnth column i n  t h e  14 X 9 t r a n s i t i o n  matrix.  

Step i. Se t  8Ai(to)= 0, i = 1, . . ., 7, 6 t 2  = 0, and K t l  = 1. 
A t  t h i s  Tntegrate  the equat ions l i s t e d  i n  s t e p  a forward t o  t i m e  tl. 

po in t  t he  s t a t e  variables should be jumped by t h e  expressions ca l cu la t ed  
i n  sec t ion  10. That is ,  

6x = 0 

6y = 0 

6 2  = 0 

and 

6tl 
-(T+ - T-) 6m = 

where 

In t eg ra t ing  the system from tl t o  tf y i e l d s  t h e  des i r ed  r e s u l t  

for column 8 i n  t h e  1 4  X 9 t r a n s i t i o n  matrix. 

S tep  6. The condi t ion for t h e  parameter 6 t f  given by equat ion (98) ,  
equat ion ( 5 6 )  evaluated a t  tl and t2, t h e  set  of equat ions  given by 



(1.05), t h e  s e t  of equations given by (91) through ( 9 7 ) ,  and t h e  set  of 
equat ions given by (1061, y i e ld  a set of 24 equat ions and 24 unknuwns. 
The 24 unknowns are as follows: 

i = l ,  . . . , 7  

i = 1, . . ., 7 
i = 1 , .  . ., 7 

(to) 7 

8Ai(tf), 

'xi (tf) 9 

fitl 

6t2 

and 

The c o e f f i c i e n t s  of t h e  unknms except equat ion ( 5 6 )  are evaluated 
a t  f i n a l  t i m e .  

The c o e f f i c i e n t s  of equations ( 5 6 )  f o r  6 t l  a r e  evaluated a t  tl 
i n  s t e p  5 ( i )  above. The terms 8a(tl), Fe( t l ) ,  and Fh(t l ) ,  i = 1, , . . , 7, 
a r e  evaluated frm the  following expressions: 

and 

The c o e f f i c i e n t s  of equation ( 5 6 )  f o r  E t 2  

a t  t2 in s t e p  5 above. 
i = 1, . . ., 7, are evaluated from the  following expression: 

determination are evaluated 

The terms 6a t2), 6e(t2),  and 8hi( t2) ,  ( 



and 

i = l . .  ., 7 

The s e t  of 24 equat ions can be solved simultaneously t o  determine the  
24 unknowns. 

Step 7. With the  E t l ,  6 t2 ,  and G A i ( t o ) ,  i = 1, . . ., 7, va lues  

determined i n  s t e p  6, i n t e g r a t e  equat ions l i s t e d  i n  s t e p  5(a) forward i n  
time t o  ca l cu la t e  6 a ( t )  and & e ( t )  given by the  equat ions f o r  6a and 
50 given by equat ions (99) and (100). A t  tl the  v a r i a t i o n a l  s t a t e  

equat ions must be jumped by the  following r e l a t ionsh ips :  

6U(tl) = (T+ m - T- cos 8 cos a)tl F t l  

6 W ( t l )  = (T+ - T- s i n  a)tl 8 t l  

I 

where 6 t  i s  determined i n  s t e p  6. A similar jump i s  made a t  t2 
i n  t h e  state va r i ab le s  where 

1 

I 
"up2) = (T' ; T- cos 8 cos a )t, 6t2 
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6v(t2) = (T+ - T- m 

6w(t2) = (T+ - T- s i n  a) E t 2  

t2  

and 

+ - T- 

where 6 t 2  i s  determined f r o m  s tep 6. 

Step 8. The values of  E t l  and E t 2  ca lcu la ted  i n  s t e p  6 and the  

values  of &(t) and F e ( t )  calculated i n  s t e p  7 are added t o  t h e  
values  of  tl, t2, a(t) ,  and e ( t )  which were s tored  i n  s t e p  1. The 

e n t i r e  process from s t e p  2 through s t e p  8, using the  new switching, 
times and con t ro l  var iab les ,  i s  now repeated. The new value of P 
ca lcu la ted  i n  s t e p  3 should be smaller than  t h e  previous value./ This 
entSre process i s  repeated u n t i l  improvement i n  the funct ion /P be- 
comes small o r  until the  program converges t o  a minimuh of P . 

14. REFIJCEMENT PROCESS 

Since the  penal ty  function process approximation discussed i n  the  
preceding sec t ion  w i l l  converge t o  a so lu t ion  whose terminal  values  d i f f e r  
I’rm those prescr ibed,  a refinement process i s  necessary t o  allow com- 
p l e t e  convergence. A s  i n  reference 2, it is  assumed t h a t  t h e  required 
end condi t ions a r e  of t he  following form: 

N 

$ i = x  - x  i = o ,  i = 1, . . ., a, (107 1 
f i 

where 
II x = des i red  value of xi 

f i 



6: 1 

The c o n s t r a i n t s  (107) may be adjoined t o  (108)by means of cons tan t  
m u l t i p l i e r s  

f i rs t  order  terms where i s  t h e  value for t h e  r e fe rence  t r a j e c t o r y ,  

and applying the m u l t i p l i e r  r u l e ,  t h e  following second order  approxima- 

pi, i = 1, . . ., a. Approximating t h e  pi t o  zero  and - 
pi 

I t i o n  t o  P i s  obtained: 

T l i i s  -partjicular typc of' cnd condit-ion g r e a t l y  s i m p l i f i c s  the rcsul t inl ' ;  
cqilations and w i l l  demonstrate t h c  required r e s u l t .  
minimizcd i s  oP t h e  form (?), sub jec t  t o  t h e  cnd condi t ions  (2 ) .  Ex- 
cevt f o r  the t r a n s v c r s a l i t y  condi t ions  a l l  condi t ions  a r e  t h e  same as 
tlic o r i g i n a l  problem. It i s  necessary t o  d i scuss  t h e  form of t h e  new 
t r a n  sve r sa 1 it y c ondi t i on s . 

The function t o  bc. 

An expansi7n of t he  func t ion  P similar t o  t h a t  given by (28) f o r  
t h e  function P i s  as folluws: 

n n 
+ atf ap 6 t  f + -5 2 + A  c 32p 

Axi f j f  Ax * i=a+l j=a+l If J f  

a2P Axi 8 t f  
n 

+ E m f  
f i=a+l 1 

The fixed- s t a t e  variable te rmina l  condi t ions  a r e  

- ,., x +Axi  - x  = o ,  i = 1, . . ., a, 
f i f f i 

where 
- 
X = reference t r a j e c t o r y  va lues  

f i 

= second order approximations t o  t e rmina l  value increments 
f given by (27). 



3P 
i=a+l 1 

n 
+ = z  

f 

m n 

n n S'P 
+ -  c z K - 7 q  f "f 
1 

f f  1 i=a+l j a + l  

a2P 2 
n 

' +  

i=a+l 1 f ?xif 

L .L 

l a  



r i  Taking t . l i c .  ind-icated p a r t i a l s  o f  (110) the following expresions are ob- 
t,ai ncd: 

+ wj, j =1,. . . , a  

and 

a2P n 

+ ' + gi f Stp) f f  i=a+l 1 

+ q a2P - 8 h j  = 0, 

f J f  

j = a + l ,  . . . , n  

For t h e  parameter E t f ,  the requi red  condi t ion  i s  



o r  

3P - 
f i h X  
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- 
f g i  

t- 

n 
c 

i=a+l 

For the 

L 

+ 
n 
c 

j =1 

m 
c 
k =1 

agi a n 
+ p i ; " -  f + j=1 6x j, 

Jf i =1 
L 

1 

+ 
a 
c 
k =1 "kf 

+ (,% dx 
Jf 

+ 
n 
c 

k =1 

6pj 
value, the required condi t ion  is 

ykf 
+ 

8tf 1 

= 0, j = l , .  . . , a  



EX 
J f  

The problem i s  

Y fitf+ j; - x = 0, j = 1 , .  . . , m  
j f  j f  

normally t r e a t e d  w i t h  the  augmented func t ion  

p* = 

The t r a n s v e r s a l l t y  

or 

p + pi (Xi 

conditions 

Pi = xi, 

f o r  x a r e  i f 

9 i = l , ,  . . , n  

i = l , .  . . , a  

and 

' J .  'f 

Calcula t ing  a l i n e a r i z e d  vers ion  of equat ion  (116), t h e  following re- 
s u l t  i s  obtained: 

o r  

Since X -- aH and p = hJ,  t h e  above equat ion  i s  w r i t t e n  as 3 
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Rewriting cquation (1111, using equation (116) and (117), 

2gi a 
f E t  + c Ai 

n 

Jf i =1 i K  f 
Jf  

& i X = C h  
j f  i=a+l 

+ &ply  j = 1 , .  . . , a  

or 

n agi n 

Since 

the  above equat ion can be wr i t t en  as 

Comparing t h i s  l i nea r i zed  t r a n s v e r s a l i t y  condi t ion of the o r i g i n a l  
problem with equation (118) it i s  seen t h a t  they  a r e  equal.  

Calculat ing a l i nea r i zed  version of equat ion (117), t h e  following 
r e s u l t  i s  obtained: 

* ?  n j = a + l ,  . .  



The t r a n s v e r s a l i t y  condition f o r  free f i n a l  tine i s  

Calcula t ing  a l i n e a r i z e d  vers ion  of t h i s  equat i  nn, t he  following r e s u l t  
i s  obtained: 

c 

= o  

5 = 1, 5' Subs t i t u t ing  i n t o  t h i s  equat ion t h e  express ions  f o r  

. .  . n, from equations (111) and (112)' t h e  following result i s  ob- 
t a ine d : 

6 



F t  ap 
+ -  ;s2p E t f  + ( n  c K 3 X .  f 

If Jf &f' j=1 i=a+l 

agi a 

1 =1 
8 t f  + 8I.L 

J 

n 
+ c  

i=a+l 

n a2P a2P 
+ (sxi + gi 'tf) + 8tf 

i=a+l 1 f J f  f f f 

1 r 
n 

i =1 
aH 8t g .  + c Ai c 

f J  
1 

Comparing equat ions  (114)  and (1211, it i s  seen t h a t  t h e  t r a n s v e r s a l i t y  
condi t ion  for free 

condi t ion  f o r  free tf f o r  t h e  o r i g i n a l  problem. 
8tf  i s  a l i n e a r i z e d  ve r s ion  of t h e  t r a n s v e r s a l i t y  



Comparing equat ions (117) and (lO7), I t  i s  seen t h a t  t h e  condi t ion 
for Sp i s  equal t o  a l j r icar ized vers ion  nf the  end c o n s t r a i n t s  Jlj. 

ll'rom t h e  di.scussion i n  t h e  previous sec t ion ,  t h e  Cransve r sa l i t y  
T i l t d i t i  ons are l i n e a r i z e d  vers ions  of t h e  t r a n s v e r s a l i t y  condi t ion  f o r  
tlic o r i g i n a l  problems. For the  pyoblem def ined  i n  sec t ion  8, Pic i s  
glivcn as follows: 

p* =-3 m f + p1 Ff' + vf') - $1 m 
0 

+ cL4 

aP* 
i o  The t r a n s v e r s a l i t y  condi t ions  f o r  xi are given by a = 1 

f xif P 

Taking the ind ica ted  p a r t i a l s ,  t h e  following p a r t i a l s  are obtained: 

1 Ampf) = - - 
mO 



L 

and 

A Z  (tf) = P5 (120) 

Equations (123), (121+), (1261, and (127) r ep resen t  four equat ions 
w i t h  the  th ree  constant  mu l t ip l i e r s  P1, p2, and pL4. These constant  
m u l t i p l i e r s  can be el iminated t o  ob ta in  the  following s ing le  t ransver -  
s a l i t y  condition: 

u h  - v h  + x A  - A = o  
Vf f Uf f Yf yf Yf 

A l inea r i zed  vers ion  of t h i s  equation i s  as follows: 

u A  - v h  + x A  - Yf h Xf 
f Uf Yf f v  

f >  
+ Uf 8AV + xv 6 t f )  + Av (6Uf + ilf "t ( f  f f 

+ ic ,tf) - hU ("Vf + + 6 t  - Vf(% f u f f f f) 

f) 
+ Xf $'.. + A *Yf 6tf)  + AYf (6Xf + kf 6 t  

- y  F j h ' + h  'x itf) - Ax ("Y f f  + j ,  "tf) = 0 f (  Xf f f 

A l i n e a r i z e d  vers ion  of equation (122) i s  given by 

Ampf) + 6A + 1 6 t f  = - 1 
m m m 

0 



T,incnri z r d  v c r s i  ons of t h c  constraint ,  c q u a t i m s  are as fol1 ows: 

CL ( u  + ilf fitf) + 2Vf (6Vf + ir, 6 t f )  = 0 2) - - + 2 U f  
f (llf + Vf , R 

f ) Rx + j ,  8t f )  + Xf (fillf f <If 6-t 
Uf Xf + Vf Yf + Uf ( f f 

2 
(xf2 + yf2) - R + 2xf (fix f f  + k E t f )  + 2yf (8yf + jlf E t f )  = 0 

z + ( s z  + i 8 t f )  = 0 f f f  

and 

w + ( 8 W f  + Gf 6 t  ) = 0 
f f .  

A l i nea r i zed  vers ion  of t he  t r a n s v e r s a l i t y  condi t ion  

f o r  free tf i s  given by 

. 
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Si ncc 

arid 

I 
= -g j  

J f  

the  above e q u a t i ~ m  reduces t o  

where 

and 

16. METHOD OF SOLUTION FOR REFINEMENT SCHEME 

. 
A step-by-step method of so lu t ion  f o r  t he  penal ty  funct ion process 

i s  given i n  sec t ion  13. 
t h e  a(t) ,  e ( t ) ,  tl, t2, and li(to), i = 1, . . ., 7 values  f’rm the  

las t  cycle of the  penal ty  process a r e  used. 
t h e  refinement method i s  as follows: 

For the first cycle  i n  the  refinement method 

The method of so lu t ion  for 

Step. 1. Calculate t he  t r a n s i t i o n  matrix using t h e  same method as 
descr ibed i n  s t e p  5 of the penalty scheme. 



Step  2. 

2’ 

Equations (129) through (136), equat ion ( 5 6 )  evaluated a t  
tl and t and t h e  set  of equat ions given by (105) and (106) represent  

a set of 24 equations and 24 unknowns. 
of so lu t ion  are the  same as given i n  s t e p  6 of the  ’penalty scheme. 

The 24 unknowns and t h e  method 

S tep  3 ,  This  s t e p  i s  t h e  same as s t e p  7 i n  sec t ion  13. 

Step  4. The va lues  of R t l ,  B t 2 ,  6hi tf , i = 1, . . . , 7 calcu- 0 
l a t e d  i n  s t e p  2, and t h e  values of fia(t) and Fje(t) ca l cu la t ed  i n  

. .  . , 7 f o r  reference t r a j ec to ry .  
s t e p  g,  arc added t o  the  va lues  of t 1’ t2, a(%), 9Ct1, h i p o ) ,  i = 1, 

The process i s  repeated i n  s t e p s  1 through 4 u n t i l  a l l  of t he  f o l -  
lowing condi t ions are s a t i s f i e d  wi th in  reasonable  to le rances :  

a ( t )  = a ( t l  min 

H ( t f )  = 0 

u h  - v h  + x h  - h = o  
f v, f u, f y, yf x, 

I I I I 



and 

(Uf Xf + Vf Yf) = 0 

w = o  f 

(xf'+y:) - R -2 = O  

z = o  f 
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